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Problem 3.45

Find the position operator in the basis of simple harmonic oscillator energy states. That is,
express

⟨n | x̂ | S(t)⟩
in terms of cn(t) = ⟨n|S(t)⟩. Hint : Use Equation 3.114.

Solution

The Position Operator: Method 1

Use the method of Example 2.5 on page 47 and express the position operator in terms of the
promotion and demotion operators, â+ and â−, respectively.

x̂ =

√
ℏ

2mω
(â+ + â−)

Note that the promotion and demotion operators satisfy

â+|n⟩ =
√
n+ 1 |n+ 1⟩

â−|n⟩ =
√
n |n− 1⟩.

Therefore,

⟨n | x̂ | S(t)⟩ = (⟨n|x̂) · |S(t)⟩ =
(
x̂†|n⟩

)†
· |S(t)⟩

=

[√
ℏ

2mω
(â+ + â−)

† |n⟩

]†
· |S(t)⟩

=

[√
ℏ

2mω

(
â†+ + â†−

)
|n⟩

]†
· |S(t)⟩

=

[√
ℏ

2mω
(â− + â+) |n⟩

]†
· |S(t)⟩

=

[√
ℏ

2mω
(â−|n⟩+ â+|n⟩)

]†
· |S(t)⟩

=

[√
ℏ

2mω

(√
n |n− 1⟩+

√
n+ 1 |n+ 1⟩

)]†
· |S(t)⟩

=

√
ℏ

2mω

(√
n ⟨n− 1|+

√
n+ 1 ⟨n+ 1|

)
· |S(t)⟩

=

√
ℏ

2mω

[√
n ⟨n− 1 | S(t)⟩+

√
n+ 1 ⟨n+ 1 | S(t)⟩

]
=

√
ℏ

2mω

[√
n cn−1(t) +

√
n+ 1 cn+1(t)

]
.
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The Position Operator: Method 2

Alternatively, use the result of Problem 3.39 which says

⟨n | x̂ |n′⟩ =
√

ℏ
2mω

(√
n δn,n′+1 +

√
n′ δn′,n+1

)
and note that the eigenstates of the harmonic oscillator are orthonormal. Doing so gives

⟨n | x̂ | S(t)⟩ = ⟨n | Î x̂Î | S(t)⟩

= ⟨n|

 ∞∑
j=0

|j⟩⟨j|

 x̂

( ∞∑
k=0

|k⟩⟨k|

)
|S(t)⟩

=
∞∑
j=0

∞∑
k=0

⟨n | j⟩⟨j | x̂ | k⟩⟨k | S(t)⟩

=

∞∑
j=0

∞∑
k=0

δnj⟨j | x̂ | k⟩⟨k | S(t)⟩

=

∞∑
k=0

⟨n | x̂ | k⟩⟨k | S(t)⟩

=

∞∑
k=0

⟨n | x̂ | k⟩ck(t)

=
∞∑
k=0

√
ℏ

2mω

(√
n δn,k+1 +

√
k δk,n+1

)
ck(t)

=

√
ℏ

2mω

[
√
n

∞∑
k=0

δn,k+1ck(t) +
∞∑
k=0

√
k δk,n+1ck(t)

]

=

√
ℏ

2mω

[√
n cn−1(t) +

√
n+ 1 cn+1(t)

]
.
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The Momentum Operator: Method 1

Here the aim is to find the momentum operator in the basis of simple harmonic oscillator energy
states. Use the method of Example 2.5 on page 47 and express the momentum operator in terms
of the promotion and demotion operators, â+ and â−, respectively.

p̂ = i

√
ℏmω

2
(â+ − â−)

Note that the promotion and demotion operators satisfy

â+|n⟩ =
√
n+ 1 |n+ 1⟩

â−|n⟩ =
√
n |n− 1⟩.

Therefore,

⟨n | p̂ | S(t)⟩ = (⟨n|p̂) · |S(t)⟩

=
(
p̂†|n⟩

)†
· |S(t)⟩

=

[
−i

√
ℏmω

2
(â+ − â−)

† |n⟩

]†
· |S(t)⟩

=

[
−i

√
ℏmω

2

(
â†+ − â†−

)
|n⟩

]†
· |S(t)⟩

=

[
−i

√
ℏmω

2
(â− − â+) |n⟩

]†
· |S(t)⟩

=

[
−i

√
ℏmω

2
(â−|n⟩ − â+|n⟩)

]†
· |S(t)⟩

=

[
−i

√
ℏmω

2

(√
n |n− 1⟩ −

√
n+ 1 |n+ 1⟩

)]†
· |S(t)⟩

= i

√
ℏmω

2

(√
n ⟨n− 1| −

√
n+ 1 ⟨n+ 1|

)
· |S(t)⟩

= i

√
ℏmω

2

[√
n ⟨n− 1 | S(t)⟩ −

√
n+ 1 ⟨n+ 1 | S(t)⟩

]
= i

√
ℏmω

2

[√
n cn−1(t)−

√
n+ 1 cn+1(t)

]
.
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The Momentum Operator: Method 2

Alternatively, use the result of Problem 3.39 which says

⟨n | p̂ |n′⟩ = i

√
ℏmω

2

(√
n δn,n′+1 −

√
n′ δn′,n+1

)
and note that the eigenstates of the harmonic oscillator are orthonormal. Doing so gives

⟨n | p̂ | S(t)⟩ = ⟨n | Î p̂Î | S(t)⟩

= ⟨n|

 ∞∑
j=0

|j⟩⟨j|

 p̂

( ∞∑
k=0

|k⟩⟨k|

)
|S(t)⟩

=
∞∑
j=0

∞∑
k=0

⟨n | j⟩⟨j | p̂ | k⟩⟨k | S(t)⟩

=

∞∑
j=0

∞∑
k=0

δnj⟨j | p̂ | k⟩⟨k | S(t)⟩

=

∞∑
k=0

⟨n | p̂ | k⟩⟨k | S(t)⟩

=

∞∑
k=0

⟨n | p̂ | k⟩ck(t)

=
∞∑
k=0

i

√
ℏmω

2

(√
n δn,k+1 −

√
k δk,n+1

)
ck(t)

= i

√
ℏmω

2

[
√
n

∞∑
k=0

δn,k+1ck(t)−
∞∑
k=0

√
k δk,n+1ck(t)

]

= i

√
ℏmω

2

[√
n cn−1(t)−

√
n+ 1 cn+1(t)

]
.
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